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Abstract
Caustics are optical phenomena which occur when a family of rays creates an envelope of di-
vergent intensity. Here we show that caustic surfaces also appear when a real or complex field
is mapped to its order parameter manifold. We study these structures in the context of spin-1/2
fields, where the order parameter manifold is the Bloch sphere. These generic structures are a
manifestation of catastrophe theory and are stable with respect to perturbations. The correspond-
ing field configurations are also stable and represent a new type of topological defect. Equations
governing the conditions for their existence and unfolding are derived.
PACS numbers: 05.45.-a, 04.20.Gz, 61.72.-y, 02.40.Pc
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INTRODUCTION
Order parameters are pivotal to the study and classification of topological defects and
phase transitions [1]. Many important areas of physics can be understood using this con-
struct, e.g., crystal growth [2], quantum computing [3], nematic liquid crystals [4], magnetic
textures, such as Skyrmions [5–7], multiferroics [8–10], superconductors [11, 12] and particle
cosmology [13], to name but a few. The order parameter may also be viewed as a function
that maps points in the physical space to the order parameter space. The topological prop-
erties of the order parameter space are important in the study of defects, since they govern
the stability of defects in the field [14].
Here we demonstrate the existence of a new type of singularity formed when a field is
mapped to its order–parameter space; these defects are governed by the framework of catas-
trophe theory [15–17]. Thom’s theorem [18] tells us that catastrophes are stable with respect
to perturbation; consequently features of the field that map to a catastrophe on the order–
parameter space manifold must also be stable to perturbations. This singularity represents
a new type of topological defect, which we refer to as an order–parameter catastrophe defect
(see Fig. 1).
Such catastrophes possess their own topology regardless of the order parameter manifold
on which they exist. Their stability is intrinsic to the catastrophe defect, rather than de-
pending on the topology of the order parameter manifold. This implies that local regions of
the field, which map to the order parameter catastrophe defect, transcend the topology of
the order parameter space, due to the intrinsic topology of the catastrophe itself. Catastro-
phe theory may be applied to any system whose order parameter space is “tattooed” with
such catastrophes.
Catastrophes themselves are very generic structures, appearing naturally in many physical
systems [15, 19–29]. Hence the concepts presented here will be applicable to a broad range
of phenomena. Although the fundamental idea is very general, we choose to contextualize
the concept of order–parameter catastrophes by applying it to a 2D spin–1/2 field, for which
the corresponding order parameter space is the Bloch sphere.
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FIG. 1. Schematic showing how the field ψ in an R2 patch is mapped to its order parameter
manifold, leading to a catastrophe on S. Here S is a local patch of the manifold, which may
possess a non-trivial global topology. Due to the intrinsic stability of the catastrophe, a mapping
of the patch of the perturbed field, ψ˜, would yield a deformed catastrophe. The features of the
field that are mapped to the catastrophe persist in the presence of perturbations.
BLOCH SPHERE MAPPING
Consider the general wave–function of a two–component spinor
|Ψ(x, t)〉 = ψ0(x, t) |0〉+ ψ1(x, t) |1〉 , (1)
where x is the spatial variable and t the time coordinate; ψ0 and ψ1 are the probability
amplitudes of the spin up state |0〉 and spin down state |1〉, respectively. Without loss of
generality we may assume |ψ0|2 + |ψ1|2 = 1, and consider only pure spin states that map
to the surface of the Bloch sphere. A single spin state is represented graphically as a unit
position vector of the Bloch sphere, denoted by |B〉. It is parametrized by the spherical
polar angles (φ, θ), as
|B〉 = eiχ[e−iφ(x,y)/2cos (θ(x, y)/2) |0〉
+eiφ(x,y)/2sin (θ(x, y)/2) |1〉],
(2)
where χ is the global phase of the Bloch vector [30–32]. The global phase factor exp(iχ) is
an unobservable of the system.
Here we are concerned with the mapping of the Bloch vector, located at every point in
coordinate space, to the Bloch sphere. Consider the mapping of an (x, y)–patch of Bloch
vectors, corresponding to a spin–1/2 field, to the surface of the Bloch sphere. If the patch
contains a texture defect it will wrap the surface of the Bloch sphere an integer number of
times [2, 33–35]. If the field is perturbed locally, the texture structure will not be destroyed,
since it is topologically protected. Instead, the mapping is altered in such a way that a local
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(x, y)–patch may be sheared, dilated or rotated by the mapping, whilst still maintaining the
condition that the surface of the Bloch sphere remains wrapped. To accommodate transforms
of this type, small regions on the Bloch sphere must fold back onto themselves, resulting in a
fold catastrophe. This highlights the ubiquity of order–parameter catastrophes; a continuous
perturbation of a texture defect can yield a caustic “tattoo” on the Bloch sphere (see Fig. 1).
In the general case, when a texture defect exists in a spin field, Bloch–sphere catastrophes
will also be present. However, the converse is not necessarily true.
CONDITIONS FOR A CATASTROPHE.
The explicit form of the Bloch sphere map is determined by the inverse of Eq. (2), given
by
φ(x, y) = arg (ψ1/ψ0) , (3)
θ(x, y) = arccos (η) . (4)
The quantity η = ψ∗0ψ0 − ψ∗1ψ1 is the spin asymmetry, which represents the difference in
probability density of the spin up and down components. The Bloch sphere image is a 2D
histogram of φ and θ, each of which are calculated for every (x, y) point of the spin field. The
mapping takes a patch of the (x, y)–plane and calculates the complex functions ψ0(x, y) and
ψ1(x, y). Together these functions completely define the spin–1/2 field over the Euclidean
patch in R2 These states are then mapped to the corresponding (φ, θ)–patch on the Bloch
sphere. The density of the patch on the Bloch sphere at a particular point is proportional
to the number of times the spin–1/2 field takes on the values of that particular state.
A randomly varying spinor wavefunction was generated by low–pass filtering an image of
white noise for each spin component, producing the field shown in Fig. 2(a). By applying
Eqs. (3) and (4) the field was mapped to the Bloch sphere to produce Fig. 2(b). The presence
of several phase vortices can be seen in the Bloch sphere coordinate φ(x, y), shown in real
space in Fig. 2(c). These screw–type topological defects come from the vortices in the phase
of both components in Eq. (1), which is preserved when φ(x, y) is calculated.
A Bloch sphere singularity corresponds to a many–to–one mapping. This occurs when
the mapping becomes singular, hence the Jacobian determinant of the mapping must vanish.
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FIG. 2. (a) Bloch vectors of a random spin–1/2 field distributed in real space with the color
corresponding to their z–component. (b) Mollweide projection of the Bloch sphere map. Here the
density of the plot is proportional to the number of spin states in the region of the spin–1/2 field
shown in (a). (c) The Bloch sphere coordinate φ displayed as a 2D function of (x, y). (d) The Γ
map, defined in the main text, of the spin field in (a). This map can be thought of as a projection
mapping the Bloch sphere to the Argand plane.
The Jacobian is defined by
J(x, y) =


∂φ
∂x
∂φ
∂y
∂θ
∂x
∂θ
∂y

 . (5)
Setting det[J(x, y)] = 0 gives the conditions for a particular spin state to map to a catas-
trophe, i.e.
[(|ψ0|2j2 − |ψ1|2j1
)×∇η] · zˆ = 0, (6)
where j1 and j2 are the probability current densities of ψ0 and ψ1, respectively, and zˆ is a unit
vector in the z direction. It can be shown that, up to a scaling factor, Eq. (6) is equivalent
to the z component of the curl of the probability current density of a single complex scalar
wave-function of the form
Γ(x, y) =
√
η exp (iφ). (7)
Equation (7) is a projection that maps the Bloch sphere to the Argand plane; this “Γ map”
is shown in Fig. 2(d). Zeros of Γ are mapped to the equator of the Bloch sphere, while the
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FIG. 3. Mollweide plots of (a) elliptic, and (b) hyperbolic umbilic Bloch sphere catastrophes. The
insets of each figure show the Jacobian determinant of the mapping, with their zeros highlighted
in black. When the zeros of the Jacobian form an ellipse, the map of that region forms an elliptic
umbilic catastrophe. Similarly, when the zeros form a hyperbolic curve, the field maps to the
hyperbolic umbilic catastrophe.
entire equator is mapped to the the origin of the Argand plane. Each hemisphere is projected
over a unit disc, with the poles mapping to the disc’s circumference at |Γ| = 1. However,
each hemisphere of the Bloch sphere is rotated relative to the other by pi/2 radians; this is
a direct result of the abrupt phase change Γ acquires when η changes sign.
The construction of Γ allows us to express the equation governing order–parameter space
defects of the spin–1/2 field in terms of the vorticity of Γ. The current density of Γ has the
form η∇φ, which may be interpreted as an equation describing the flow of spin asymmetry.
Catastrophes are mapped to the Bloch sphere along points where the vorticity of Γ vanishes.
RELATION TO THE CANONICAL FORM
Catastrophes are associated with an instability of a system. Any potential function which
governs the behavior of a system will consist of state variables, in this case (x, y), and a
set of parameters called the control variables. Degenerate critical points of a potential lead
to instabilities of the system because a bifurcation may occur at these points when there
is a small change in the control variables. Catastrophes exist in the space of the control
variables of the potential function. The dimensionality of the control space is determined
by the number of control parameters of the potential function, i.e. the co–dimension. The
bifurcation set defines a caustic surface embedded in control space; this corresponds to the set
of values of the control variables at which bifurcations of the critical points in the potential
function occur.
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Thom’s theorem describes a number of so-called elementary catastrophes, these being
all possible topologically distinct catastrophes that occur when the co-dimension is less
than or equal to four [18]. Every elementary catastrophe has an associated function known
as the canonical form [15–18]. Therefore if a local patch of a spin–1/2 field maps to a
particular elementary catastrophe on the Bloch sphere, the field itself must have a relation
to the canonical form of the catastrophe. The Bloch sphere catastrophe is embedded in
the coordinates (φ, θ) of the sphere. However, the catastrophe bifurcation set lies in the
control space. In essence, the Bloch sphere catastrophe is a slice though the control space of
the bifurcation set, which has also been subject to a continuous deformation, rotation and
translation.
In catastrophe theory, a function has a degenerate critical point when the Hessian deter-
minant vanishes. Points of the spin field where the Jacobian determinant vanishes map to
a catastrophe. Therefore the Hessian of the canonical form of the catastrophe, V (x, y), is
locally equivalent to the Jacobian matrix of the mapping, i.e.

∂φ˜
∂x
∂φ˜
∂y
∂θ˜
∂x
∂θ˜
∂y

 =


∂2V
∂x2
∂2V
∂y∂x
∂2V
∂x∂y
∂V
∂y2

 , (8)
where φ˜ and θ˜ are the transformed coordinates of the Bloch sphere, which account for the
local translation and rotation of the catastrophe from its canonical form. To account for
smooth deformations of the catastrophe of the Bloch sphere mapping, the coefficients of the
transformations of φ and θ must be functions of the state space coordinates (x, y). Since the
transformation matrix has an inverse, this allows us to express the Bloch sphere coordinates
in terms of the transformed coordinates as
φ
θ

 =

a(x, y) b(x, y)
c(x, y) d(x, y),



φ˜
θ˜

 , (9)
where the inverse transformation matrix elements a, b, c and d are arbitrary functions of
(x, y), which encapsulate the local rotations, translations or deformations of the coordinate
system.
Given Eqs. (8) and (9) we find that φ(x, y) and θ(x, y) may be expressed in terms of the
partial derivatives of the canonical form of the catastrophe:
φ(x, y) = a(x, y)Vx(x, y) + b(x, y)Vy(x, y) (10)
θ(x, y) = c(x, y)Vx(x, y) + d(x, y)Vy(x, y) (11)
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where Vx ≡ ∂V/∂x and Vy ≡ ∂V/∂y. Equations (10) and (11) show that the Bloch sphere
catastrophe is indeed a form of gradient mapping of the canonical form of the catastrophe.
If a small patch on the spin field in state space were to map to a catastrophe, the field in
that patch of state space must relate to the canonical form of the catastrophe. The field in
these local regions has the functional form:
|Ψ〉 = e− i2 [(aVx+bVy)cos [(cVx + dVy)/2] |0〉+
e
i
2
(aVx+bVy)sin [(cVx + dVy)/2] |1〉 .
(12)
The Bloch sphere coordinates (φ, θ) are deformed gradient maps of the canonical form
of the catastrophe; the structure of the zeros of the Jacobian determinant determines the
type of elementary catastrophe to which the field will map. In essence, the lines of zeros
of the Jacobian determinant determine where to fold a patch in R2, as it is mapped to the
Bloch sphere. The way in which the patch is folded yields a particular type of catastrophe.
Examples of elliptic and hyperbolic umbilic catastrophes are shown in Fig. 3, along with the
geometry of each catastrophe’s Jacobian determinant given in the insets. The canonical form
of the elliptic umbilic catastrophe is x3−xy2, where the null set for the Hessian determinant of
this form corresponds to the equation of an ellipse, i.e. the zeros of the Jacobian determinant
map to an elliptic umbilic catastrophe. Similarly the Hessian determinant of the hyperbolic
umbilic catastrophe is the equation of a hyperbola, given by its canonical form of x3 + y3.
We have shown that the spin field is related to the canonical form of the catastrophe by a
gradient map, therefore perturbations to the spin–1/2 field behave as a particular unfolding
of the canonical form.
STABILITY AND UNFOLDING OF BLOCH SPHERE CATASTROPHES.
A Bloch sphere catastrophe is a particular cross–section of the full bifurcation set surface.
Catastrophes may undergo a process known as unfolding. This occurs when the potential
function of any given catastrophe is subject to a perturbation in such a way that the slice of
the bifurcation set that is viewed on the Bloch sphere changes. In this picture we see that the
topological stability of a Bloch sphere catastrophe defect arises because every catastrophe
already possesses a topology that is fixed by its bifurcation set. A perturbation to the spin
field only serves to unfold the Bloch sphere catastrophe, whence we observe different slices
through the bifurcation set of the catastrophe.
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w = -2.0 w = -0.1
w = 1.0 w = 3.0
FIG. 4. (a) Bifurcation set of the hyperbolic umbilic catastrophe. (b)-(e) Bloch sphere projections
showing a hyperbolic umbilic catastrophe unfolding through various values of w.
To demonstrate this consider the full bifurcation set of the hyperbolic umbilic catastrophe
shown in Fig. 4(a). By inputting the known canonical form and using Eq. (12) we can map
an isolated hyperbolic umbilic catastrophe to the Bloch sphere and control its unfolding.
This is demonstrated in Figs. 4(b)–(e). This method of spin–engineering by way of using
a catastrophe’s canonical form could be used to generate any Bloch sphere mapping at a
given unfolding. The hyperbolic umbilic catastrophes that appear on the Bloch sphere are
intersections of the Bloch sphere surface with the catastrophe’s 3–dimensional bifurcation
set. In this example the cross–sections are the u − v plane. As the control parameter w is
varied the u−v plane shifts along the w axis, which unfolds the Bloch sphere catastrophe. In
general, a hyperbolic umbilic Bloch sphere catastrophe will express itself as cross–sections
of the bifurcation set through some arbitrary plane, in which case the unfolding of the
catastrophe will depend on all three control parameters u, v and w.
DISCUSSION
Order–parameter catastrophe defects are a generic form of topological defect that are
found in fields. Catastrophes are very general structures that almost always arise in non–
trivial mappings to an order parameter manifold. Equations (10) and (11) show that the
order–parameter coordinates are proportional to the first partial derivatives of a catastro-
phe’s canonical form, which are always simple polynomial functions. This means that both
φ and θ will also have a local polynomial form for regions that map to a catastrophe. If
we consider any sufficiently small local expansion about a point of an arbitrary spin field,
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the patch only need be diffeomorphic to the canonical form of one of the elementary catas-
trophes. This criterion is satisfied for the creation of a catastrophe and demonstrates that
a mapping of a generic field to its order parameter space will result in caustic tattoos on
its manifold. This is a general result that can be found in other types of mappings. For
example, catastrophes manifest themselves as Argand–plane caustics, which arise when a
complex scalar field is mapped to the Argand–plane [36, 37]. In that context, the condition
that a point maps to a caustic, det[J(x, y)] = 0, is equivalent to the optical vorticity van-
ishing. By making a similar comparison in Eq. (8) for a complex field it is then apparent
that Argand–plane catastrophes also rise from gradient mappings.
Whilst we have used the specific example of 2D spin–1/2 fields and the Bloch sphere, it is
important to emphasize that all the concepts presented here are very general. We need only
ask what is the mapping of any field to its order parameter space to be able to view the field
through the new perspective of order parameter catastrophe defects. This concept is not
restricted to 2–dimensions; the 2D surface of the Bloch sphere allows us to view 1D or 2D
catastrophes, such as folds or cusps, or 2D cross–sections of higher order catastrophes, such
as the elliptic or hyperbolic umbilic catastrophes (Fig. 3). For mappings to order parameter
spaces of higher dimensionality, the full bifurcation sets or higher dimensional cross–sections
of catastrophes with higher co–dimension would also become observable.
In summary, order parameter catastrophe defects represent a new form of topological
defect in fields. Their stability is attributed to the intrinsic topology of the catastrophes
themselves rather than that of the order parameter space, as it is the case for standard
topological defects and textures.
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